ON PSEUDO-CONFORMAL MAPPINGS OF CIRCULAR DOMAINS STEFAN BERGMAN
In the present paper we investigate the condition whether the bounded domain B of C 2 is a pseudo-conformal image of a circular domain, say C. Under the assumption that this is the case and that the invariant J B (z u z 2 ; z\, z 2 ) is not a constant, we characterize the center of a circular domain. This characterization is invariant with respect to pseudoconformal transformations. Assuming that B is a pseudoconformal image of a circular domain C and that there is in B one and only one point, say (ti, t 2 ) which satisfies the conditions mentioned above, we determine the representative R(B\ U, t 2 ) of B. If B is a pseudo-conformal image of a circular domain C and (ίi, t 2 ) is the image in B of the center of C, then the representive R(B; t ίf t 2 ) is a circular domain. The pair of functions v 10 , v 01 mapping B onto R(B; U, t 2 ) can be written explicitly in terms of the kernel function of B.
A homeomorphism T of a domain, say B, of the z l9 2 2 -space, z k = %k + iVk, k = 1, 2, by a pair of holomorphic function (1) z* = s*(Si, z 2 ) , (z l9 z 2 )eB ,
of two complex variables is denoted a PCT (pseudo-conformal transformation).
A domain which admits the group of PCT's onto itself (automorphisms) is called a circular domain. We assume that at every boundary point Q of C the Levi expression is negative (see (11), p. 11 and (16), p. 12, of [1] ). (Hypothesis 1) To decide whether a domain, say B, belongs to a given class of domains, for instance, whether B is a pseudo-conformal image of a circular domain C, is one of the interesting problems of the theory of PCT's. In the following we shall show that the theory of the kernel function permits us to answer this question in certain instances. In addition, if, B= T(C), we shall determine the function pair mapping B onto the circular domain C.
REMARK. Concerning the application of the kernel function in the theory of conformal mapping of simply and multiply connected domains onto canonical domains and onto each other, see [3] , Chapter VI, [5] and [6] .
STEFAN BERGMAN
The first step in our approach (under the assumption that B = T(C), i.e., that B is a pseudo-conformal image of a circular domain C) is the determination of the image of the center 0 of C in B.
Using Since J(z, z) is not constant in C, it must assume its maximum or minimum in C.
In Theorems 1 -3 we shall discuss some properties of a connected set which includes the origin 0 where J c (z, z) has a (local) maximum or a minimum. These properties are preserved in PCT's and enable us to determine the image T(O) of the center 0 in B = T(C). THEOREM has a minimum or a maximum at an isolated point P, PeB, then (7) holds.
If J(z l9 z 2 ) has a maximum, minimum or minimax at an isolated point P of B = T(C), then
THEOREM 2. It is impossible that J(z, z) has a maximum or a minimum along a (one-dimensional) connected set including 0.
(We assume here that the set does not include a segment of an orbit.)
Proof. Suppose that
is a (one-dimensional) connected set consisting of points P(s), 0 ^ s ^ α, where J c (z, 2) assumes a minimum or a maximum. Then to every point P v (a), 0 < a ^ a, corresponds the orbit o\P v (a)), along which J c (z, z) assumes a constant value. Thus J c (z, z) assumes the same value on
Each o^P^α:)), α: constant, a > 0, is one dimensional. Two different orbits o\PXa)) and o^P^αs)), ^ ^ a 2 , are disjoint and therefore (10) is a two-dimensional set. Γ[|jLo o'(P v (α:))] is also two dimensional since T is a homeomorphism.
In the following we shall consider two cases where J(z, z) equals a maximum or a minimum in a three-dimensional segment s 3 .
. We assume that s 3 is connected in C, s 3 -P is a sum of two (or in general n, n < 00) disconnected sets. Then P is the center O of C.
If B -T(C), i.e., if B is a pseudo-conformal image of C, then T(s z ) has the property indicated above and if T(s z ) -P* is a sum of n, n > 1, disconnected parts, then P* = T(O).
Proof. J N(s* 2 ) is not connected. Then P = 0.
Proof. Suppose that the point Q = (zj, 2 2 ) Φ 0 belongs to s\ Then the orbit (11) must also belong to s\ Let P k e JV(sϊ), A; = 1,2. According to the assumption of the the theorem, one can connect P 1 and P 2 by a line segment passing the point Q -(s?, z°2). Since . In some of these cases we can use in addition to J a second invariant (with respect to PCT's) J 2 (z, z) which is linearly independent of J(z, z). Concerning conditions for such domains B, see [4] . We assume that the intersection
either includes an isolated point or a closed Jordan curve.
THEOREM 5a. Suppose that the set (15) in B consists of disconnected components and one of these components is an isolated point, say Q. Then Q = T(O).
Proof. Suppose that (15) in C is a point {z\, z°2) Φ 0. Since C admits the group (2) of PCT's onto itself, the orbit
must belong to (15). (16) Proof. Since the construction described in Theorem 5b is invariant with respect to PCT, we can consider it either in C or in B = T(C). We shall consider it in C. By PCT (2)p ι goes onto itself. Therefore Suppose that the domain B (in the z 19 z 2 -space) is a pseudoconformal image of a circular domain C, i.e., B = Γ(C). The previous considerations in most cases enable us to determine in B the image t = T(0), t = (t l9 t 2 ) of the center 0 of C. In the following we shall indicate, using the above result, how we can determine the pair v ί0 (z, t), v oι (z, t), z = (z l9 z 2 ), t = (ί x , ί 2 ) of analytic functions which transform B onto a circular domain.
We shall use, without proof, the following:
circular domain, say C, is transformed by a linear PCT again onto a circular domain.
A mapping pair w k (z l9 z 2 ) is said to be normalized at t = (t l9 t 2 ) if In accordance with Lemma 1, R{B, t) is also a circular domain since C is a circular domain and (23) is a linear PCT.
